ME 413 Introduction to Finite Element Analysis
Fall 2010 — Dr. Sert

2D FEM Hand Solutions

Example 1: Consider steady heat conduction on the following two-dimensional square plate
of size 5 cm x 5 cm. The plate has a constant thermal conductivity of 2 W/cmK. Bottom side
is insulated. Right side is kept at a constant temperature of 100 °C. Top side is subject to
convective heat transfer. A constant heat flux is specified to be coming into the plate from
the left side.

h=12W/cm’K, Tampient = 30 °C

3 4

Qin =2 W/cm? T=100°C

Insulated

Using two 3-node triangular elements, calculate the temperature distribution on the plate.

Solution:
The governing equation for steady, heat conduction, without heat generation is

—V-(kVT) =0

d (k aT) d (k aT)

dx\ 0x dy\ 0dy
After forming the weighted residual statement and applying integration by parts we get the
following weak form

O_J(awkaT_l_awkaT)dd 3€ ( k6T+ kaT)d
~Jg\ox “ax  ay  ay xay Fwnx ox Y dy s

. . . aT aT .
where temperature, T, is the primary variable and heat flux, g, = n, ka + ny k is the

5 ’
secondary variable.
Using Galerkin formulation the elemental system can be written as

[K|Te} = {F°} +{Q°}

where
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Ke—f . asiasj+as 2S; dxd
ij_Q dx 0x ayay xey

Ff =0

L
Qf=§5uhds
r

It is easier to work with the shape functions defined on the master element as functions of
and 7. Elemental stiffness matrix written using master element coordinates is

Kﬁ"f kl(as 9 05; an) (@ngga_n)

0 d0x On 0x/ \0& Ox On Ox
aS; 66 as; on\ (9S; 65 aS; 67]
(52 =) el dgdn
¢ ay 677 dy 65 0y 6 6

For 3-node triangular element shape functions are

A‘r]

3 Sl=1_€_n' SZ fr 53

I
=

We also need to calculate the Jacobian matrix, its determinant and inverse for each element.
To do this we first need to select local node numbering for each element. We'll use the
following local node numbering

face=2

face=1
3 face=3 ¢

face=2 1

face=3

face=1
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IMPORTANT: We numbered the nodes of each element in a CCW order, which is also the
order used in numbering the nodes of the master element. We need to do it this way in
order to calculate Jacobian matrix and its determinant properly. The selection of the first
node of each element is arbitrary though.

IMPORTANT: Element face numbering rule that we use is : Face 1 is the face between nodes
1 and 2, face 2 is the face between nodes 2 and 3, face 3 is between nodes 3 and 1.

Jacobian calculation for the first element:

[0S1 0SS 053]

oy 0 0
08 9F 0¢ 110 0.05 0
171 — 1 1 _ —
UT=1as, as, as,|[2 72| = 51 o 1][0'05 0] = [0 oos
Xl oyl 0 0.5
on dn 0n
1] — -3 11-1 _[20 O

Jacobian calculation for the second element:

0.05 0
-1 1 0 0 0.05
U= |- [0.05 0.05] = |
1 0 1 0 0.05 —0.05 0.05
1] -3 11-1 _ 20 —-20

Remembering that the components of the inverse of the Jacobian matrix are

¢ 0n
_1 _|0x 0x
dy 0y

entries of the stiffness matrix of the first element can be calculated as

1 1-&
Ki1 =L ] 200{[(-1)(20) + (—1)(0] [(-1)(20) + (—1)(0)]
=0+Yn=0
+ [(=D(0) + (-DO] [(-1)(0) + (=1)(20)]} 2.5 x 107* d¢ dn

K, = 200 (You can use Gauss Quadrature integration or evaluate it analytically)

IMPORTANT : Be careful how the limits of the integral are set. The limits will be from -1to 1
for a quadrilateral master element, but not for a triangular one.

Calculating the remaining entries, stiffness matrix of the first element becomes
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200 -—-100 -100
K] = [—100 100 0 ]
—100 0 100

Note that this is a symmetric matrix, which is expected because Kilj = Kjll

Stiffness matrix for the second element can be calculated as follows (which is again
symmetric)

[K?] =[-100 200 —100

0 —100 100

100 —100 0 ]

IMPORTANT : Although stiffness matrix integral does not depend on x or y and the shape
and size of both elements are similar, [K'] is not equal to [K?]. This is because of our local
node numbering selection. Will the elemental stiffness matrices be the same if we change
the local node numbering of the second element such that we start from the corner with the
right angle and number the nodes in CCW?

In order to calculate {Q} vectors of the elements we need to examine the given BCs. At the
bottom, top and left boundaries of the domain, natural and mixed type BCs are provided and
the {Q} vectors of the elements will get contribution from the faces located at these
boundaries.

For element 1:

A\ 4

B oT aoT 3

qn—nxka+nyka > Face 2 is an
internal face.

— kaT >

qn - ax
> e=1
Gn = 2 X 10* W /m? e 5
n =10
For the left boundary n, = —1 and n,, = 0 . It is also given in the problem statement that

heat is coming into the domain, i.e. T /0x < 0. Therefore g, has a positive value on this
boundary.

q, = 0 at the bottom boundary since it is insulated. Face 2, located between local nodes 2
and 3 is an internal face (not located on a real boundary) and the boundary integral for that
face does not need to be calculated.
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Qi
{Q'}=10;
Qs

Let's start with Q1.

Q%Zfsl%lds :f Slqnds_i'J SlQndS+f S1qnds
ri face 1 face 2

face 3
— 1 1 1
- Ql |face 1 + Ql Iface 2 + Ql |face 3
= 0 + 0 + Q% |face 3

IMPORTANT :

. Qlllface 1 is zero because g, = 0 on face 1.
®  Ql|fce2 is zero because S; is zero on face 2 (Node 1 does not lie on face 2).
®  (Q1lfsce 3 should be calculated.

Now let's study at Q3. Since this node lies on an EBC boundary the PV is known at this node.
Therefore we do not need to do any SV calculation for this node at all.

Finally let's look at Q3.

Q%:§SSQndS :f S3 qn ds +f S3Qnds+f S3qn ds
rt face 1

face 2 face 3
— 1 1 1
- Q3 |face 1 + Q3 |face 2 + Q3 |face 3
— 1
- 0 + Qz Iface 2 + 0

IMPORTANT :

®  (Q2}|fce1 is zero because face 1 can not contribute to Q3.
® (Q}|(,ce2 does NOT need to be calculated because face 2 is an internal face.
® (3|3 needs to be calculated.

To summarize for element 1 we only need to calculate Q1 |¢,ce 3 and Q3 |face 3-

On face 3 a constant SV is specified and we studied this case in our lectures. Face 3 joins
nodes 1 and 3 and the boundary integral over this face will provide the following
contributions

qnli3 QnLq3
Qlllface3 = n2 =500 and Q%lface?, = nZ =500
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Therefore the {Q} vector of the first element will be

500
Q1) = Q;
500 + Q% |face 2

To remind again, Q1 is not calculated because of the specified EBC at this node and Q3|¢,cc 2
is not calculated because face 2 is internal and this value will cancel out during the assembly.

0 calculation for element 2:

oT
qn = k@ = _h(T - Tamb)

= —1.2 x 10* (T — 30)

3 2

e=2
; T =100 °C
Face 3is an

internal face.

IMPORTANT : For the second element face 1 has EBC specified therefore no SV calculation
for the nodes of this face, i.e. we do not need to calculate Q? and Q3. Face 3 is an internal
face and its contribution will cancel out during the assembly. Face 2 has mixed type BC and
its contribution the Q values should be evaluated.

IMPORTANT : Make sure that you understand kg—; = —h(T — Tgmnp) equation, which has

nothing to do with our FEM formulation, but simply states the balance of conductive and
convective heat transfer at the top boundary.

Let’s write the mixed type BC of face 2 as follows
g, =aT + where a=-12x10* and f = 3.6 x10°

Part of the boundary integral over face 2 will contribute to Q% and QZ since this face is
between nodes 2 and 3. These contributions can be calculated similar to the way we
calculated the integrals for a NBC with constant g,,. Consider 1D shape functions over face 2




ME 413 Introduction to Finite Element Analysis
Fall 2010 — Dr. Sert

L3 La3
Q%lfaceZ = f SZ dn ds = f (1 - ) ((ZT + B) ds
s 0

Temperature that appears in the integral is the temperature distribution over face 2 of
element 2. It can be represented using the 1D shape functions and nodal temperature values
as follows

re(1-)mz 4 ()
( L, 2 T\5;,) "

Using this in the above integral we get

Gz = [ (1= [a(1-72) 72 + a(Z)73 +8] a
ace2 — -5 -7 ¢4 S
2z ™ ) Lys Lys) "2 Lys/ ®

Evaluating this integral

B

L3
Q%lfacez = §L23 + a—— TZ + (X—T32

3 6
Q3ltaez = 9000 — 200TZ — 100 T2

IMPORTANT: As stated previously Q2 is not necessary for us due to the specified BC.
Therefore the above calculation is unnecessary, but provided for demonstration purposes.
The calculated value will not be used in the rest of this document.

Similarly we need to evaluate the contribution of the boundary integral over face 2 of the
second element to node 3 of the second element.

L23 L23 S S
Q?%lface2= ] SS qnds = J (_>[ (1__)T2 + a( >T3 +.3] ds
s 0 Ly L3 Lys

=0

B Lys Lys
Q?%lfacez = EL23 + a— G T2 + aTT32
Q3ltacez = 9000 — 1007 — 200 T2

Therefore {Q} vector of the second element will be

2
1

{Q*} = 3
9000 — 100TZ — 200T? + Q%faces

Now we can assemble the elemental systems to get the global system.
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Elemental system for the first element is:

200 —100 —1007(T¢ 0 500
—~100 100 o |{Tit = ot + Q3
—-100 0 100 1 (12 0 500 + Q3 lface 2

Elemental system for the second element is:

Tf 0 {
—100 200 —100[{T2} = {0} + 5
T2 0 9000 — 100T? — 20077 + Q%lfaces

[100 —100 0
0 —100 100

To assemble these systems we need to use the following LtoG matrix

1 2 3
LtoG = [
2 4 3
Assembled global system becomes
200 -100 -100 0 1(Th 00
—100 100+ 100 0+0 —100() T2 ( _ Qz +0Q3
—-100 0+0 100 + 100 —100|)Ts 500 + Qilface2 + 9000 — 100TZ — 200T% + Q2%|iaces
0 ~100 ~-100 200 I\7, 02 )

Due to the balance of secondary variables, the following sum should be zero

1 2 —
Q3|face2 + Q3|face3 = 0

Simplified assembled system is

200 -100 —100 O T, 500

—100 200 0 —100| T2 _ Q2

-100 0 200 —100]| ) T3 500 + 9000 — 100 T# — 200 T2
0 —100 —100 200 | \T, Q.

Let’s transfer the temperature values inside {Q} to the stiffness matrix (Note that T2 = T,

and TZ = Tj).

200 —100 —-100 O Ty 500
—100 200 0 —100| )To( _ ) @
—-100 0 400 0 T;( — 9500

0 —-100 —100 200 1 \T, Q4
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Due to the specified EBC, temperatures T, and T, are known to be 100. Let’s reduce the
system to a 2x2 system by getting rid of the known temperature values

[ 200 —100] {Tl} _ {500 + 100 X 100}
—100 400 /(T3 9500

Solving this system we get the following unknown temperatures

(=023
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Example 2: Consider a thin elastic plate subjected to a uniformly distributed edge load.
Consider a 2 element mesh as shown and calculate the nodal displacements. Thickness of
the plate is 1 mm. Modulus of elasticity and the Poisson's ratio of the plate are 200 GPa and
0.25, respectively.

4m P =2000 N/m

3m

We first need to calculate the Jacobian matrix of each element. Let's take the origin of the
coordinate system to be at the 1* global node of the FE mesh.

Jacobian calculation for the first element:

[0S1 05, 053]

xi yi 0 0
| % el Ll S |
651652053J§21 -1 0 |3 3 4
an an an X3 y3
1/3 0

=12 U = [_1/4 1/4

Jacobian calculation for the first element:

0 0
R | I

A=z = TR

Now we can calculate the elemental stiffness matrices. For this plane stress problem the [c]
matrix used to establish stress-strain relation is

1 v 0

ci11 ¢z O E 6.4x 101 1 0.25 0
[C]Z[Cu C22 0]:1 > v 1 191, :—[0.25 1 0 ]
V1o 0o 3

0 0 cy > 0O 0 0375

10
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Stiffness matrix calculation for the first element:

Shape functions for three-node triangular element are

S$=1-¢—1n, S;=¢, S3=1

. - . o . as; as;
Stiffness matrix integrals contain the derivatives of the shape functions, a_xl and 6_yl'

651 651 af 051 677 651 1 051 1 1651
—— st ara =i vt e =357 10
dx 0&ox onodx 0¢ an 3 0¢

which gives for different shape functions

st 1 1 ast 1 1 st 1
W—g(—l)———, W_§(1)_§ , - =30)=0

Similarly derivatives with respect to y can be calculated

651 651 65 OSL 677 OSL 1 051 1 1651 1651
— = raot a5 Y =5t
dy 0&dy Jdnady 0¢ an 40§ 40n
A 1 1 oS} 1 1 1
—_——— —1 ——1 = —=——1 —_ = — —
3y 7D+ (ED =0, 3y 7D+ 0)=—7,
083 1 1 1
oy - 1@ =g

Now we can use these derivatives in the stiffness matrix integrals.

K11-1-=j c @%+c %ai t€ dxd
H Qe ox ax 3 oy ay Y

K111, = f ((MXTW> (— %) (— %) + (242—10“> (0)(0)>(1o-3) dxdy
e

6.4 x 108 6.4 x 108
= f ——— dxdy = (————— | (Area of element 1) = 1.422 x 108
g 27 27

Other entries of K11 matrix are calculated in a similar way to get

1.422 —1.422 0
K11' =108 [ 1.722 —0.3]
symm 0.3

Note that the above matrix is symmetric. We can use this property to save some
computation time.

Now we can calculate K121

K12-1-=f c @%+c 95:05 t® dxd
5] e 12 ax ay 33 ay ax y

11
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0 0.267 —0.267
K12'=10%]| 04 —0.667 0.267

—-0.4 0.4 0

As seen the above matrix is NOT symmettric.

We do not need to calculate [K12]* matrix because it is the transpose of [K21]!

K21t = [K21']T
Finally we calculate [K22]!

K221 _f 0S; 0S; N 0S; 0S; e dxd
g Qe Ca3 dx 0x €22 dy dy xey
0.533 —0.533 0
K22 =108 [ 1.333 —0.8]
symm 0.8

This one is a symmetric one.

When we bring these four sub-elemental stiffness matrices together we get the following
stiffness matrix for the first element.

1.422 —1.422 0 0 0.267 —0.2677
1.722 -03 04 -—-0.667 0.267
Kl = 03 -04 0.4 0
0.533 —0.533 0
symm 1.333 -0.8
0.8

Stiffness matrix calculation for the second element:

Derivatives of the shape functions for this element is calculated in a way similar to what we
did for the first element.

952 sz 1 sz 1
ax ox 3’ ox 3
sz 1 952 sz 1
ay 4’ ay dy 4

Using these derivatives sub-elemental matrices are evaluated as

0.3 0 —0.3 7
K11%2 =108 1.422 —1.422
[ symm 1.722 |

0 -04 04

K122 =10%|-0.267 0 0.267
[ 0.267 04 —0.667]

12
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K212 = [K122]T

0.8 0 -0.8
K22% =108 0.533 —-0.533
symm 1.333

Bringing these matrices together, elemental stiffness matrix for the second element
becomes

0.3 0 -0.3 0 —-0.4 0.4 7
1422 —1.422 -0.267 0 0.267
1.722 0.267 04 —0.667

2 _
Kk*= 0.8 0 -0.8
symm 0.533 -—0.533
i 1.333

We don't need to calculate any force vectors because we assume that no body forces act on
the plate.

Elemental boundary integral vector needs to be calculated only for the first element due to
the specified distributed force. The given traction is uniform over one face of the element
and we know how to calculate boundary integrals of such secondary variables from the
previous solved example. Considering the following

(P)(Lface2) _ (2000)(4)
Q%lfacez = ; 2 = 5 = 4000 N

This is actually the point force at the bottom right corner of the plate if the distributed force
is distributed to the nodes of the face it applies.

The other half of the distributed should apply to the second node of the face

(P)(Lsace 2)
Alfacer == 4000 N

No other boundary should be calculated.

Now we can assemble the two elemental systems to get the following 8x8 global system
using the following local to global unknown mapping matrix

1 2 4 5 6 8
LtoGlong=[1 4 3 - g 7]

Global system is

11.422 + 0.3 —-1.422 -0.3 0+0 0+0 0.267 0.4 —0.267 — 0.4 (Uy Q1
1.722 0 -0.3 0.4 —0.667 0 0.267 U, 4000

1.722 —1.422 0.267 0 —0.667 0.4 Us Qs
108 03+1.422 —-04-0.267 0.4 0.267 0+0 U, _ 14000

0.533+08 —-0.533 0-0.8 0 Us Qs

symm 1.333 0 -0.8 Us 0

1.333 —-0.533 U, Q,

0.8+ 0.533 1 \ug 0

*

*

*
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Q; and Qs are the horizontal and vertical reaction forces at node 1 and they are unknown.
Q53 and Q- are the horizontal and vertical reaction forces at node 3 and they are also
unknown. On the other hand we have the following EBCs

U1=U3=U5=U7=O

Therefore we only need to solve for U,, U,, Ug and Ug. The 8x8 global system can be reduced
to the following 4x4 system due to the EBCs

1.722 -0.3 -0.667 0.2671 (U, 4000

10° 1.722 0.4 0 Uy _ )4000
1333 —08|)Us( ) O
symm 1.333] \Ug 0

Solving the above system we find the unknown displacements as

U, 0.3050
Us _ 1o-4) 02731
Us 0.0531
Ug —0.0292

Due to the symmetry of the plate geometry and loading, displacements should also be
symmetric with respect to y = 2 m line. However, the approximate solution does not show
this symmetry property. This is due to the coarse and asymmetric FE mesh. A symmetric
mesh should provide symmetric results.

Since we used CST elements, strains should be constant over each element. For example for
the first element

3
ou as? 251 a5 053

1 J .1 1 1 3
=—=) L ="y + 1y +3yu
fxx = 5y ,laxuj ox 1+6x 2+ax 4
]:

= (=3) (0 + (3) (0.3050 x 10*) + (0)(0.2731 x 10~*) = 0.1017 x 10~

3

ov as; | st a1 053
— =) Lyt =y 4+ Ly + 2
dy oy Ty Ty st gy

j=1

1
Eyy = Us

= (0)(0) + (— i) (0.0531 x 10™4) + G) (=0.0292 x 10™%) = 0.0206 x 10~*

Angular strain y,, can be calculated in a similar way.

14
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After calculating strains, stresses can now be calculated. They will also be constant over each
element. For the first element

1 _ 1 1
Oxx = C11&xx + Clzgyy

_ (6-4“0“) (01017 x 10™4) + (“XT“)“ 0.25) (0.0206 x 10™%) = 2.28 MPa *
O-;y = Clzgix + szg:)]}y

_ (6.4x1011 4 6.4x1011 —4\ _

= (225°-0.25) (01017 x 10*) + (225°-) (0.0206 x 10~*) = 0.98 MPa

Shear stress T;y can be calculated in a similar way. Finally principle stresses or von Mises
stresses over each element can be calculated and checked against the yield strength of the
plate for a possible failure.

15



